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Appendix A. Traces of Counterexamples

In this section, we show the detailed traces of the counterexamples in Section 3. The traces are
composed of figures that show sequences of agent actions and tables that show states of agents.
In a figure, shaded agents (i.e., nodes) receive messages, process them, and send new messages.
Received messages are represented by arrows whose heads are painted in black, while sent messages
are represented by arrows whose heads are not painted. We omit some messages, e.g., most
THRESHOLD messages, that are not crucial. Additionally, tables show the states of agents when
they complete processing the received messages, and some trivial states, e.g., the current context
of a root agent, are omitted.

Appendix A.1. Counterexample to Termination

Figures A.1–A.27 and Tables A.1–A.11 show the trace of the counterexample to termination,
described in 3.1.
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Figure A.1: Step 1 (1). x1 sends VALUE messages to its
children and pseudo-children x3, x4, x5, and x6.
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Figure A.2: Step 1 (2). x4 receives the VALUE message
and computes the lower bound using the updated context
CX4 ∋ (x1, 0), and thus LB4 = 5. Then, x4 reports the
lower bound to x3 by sending a COST message.

Table A.1: States of agents in Steps 0–1 (2).

Variables Step 0 Step 1 (1) Step 1 (2)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ ∞ ∞
TH0 0 0 0
th0(0, x1) 0 0 0
th0(0, x2) 0 0 0

x1

d1 0 0 0
LB1 0 0 0
lb1(0, x3) 0 0 0
lb1(0, x5) 0 0 0
lb1(1, x3) 0 0 0
lb1(1, x5) 0 0 0
UB1 ∞ ∞ ∞
ub1(0, x3) ∞ ∞ ∞
ub1(0, x5) ∞ ∞ ∞
ub1(1, x3) ∞ ∞ ∞
ub1(1, x5) ∞ ∞ ∞
TH1 0 0 0

x3

d3 0 0 0
CX3 {} {} {}
cx3(0, x4) {} {} {}
LB3 0 0 0
lb3(0, x4) 0 0 0
UB3 ∞ ∞ ∞
ub3(0, x4) ∞ ∞ ∞

x4

d4 0 0 0
CX4 {} {} {(x1,0),

(x3,0)}
LB4 0 0 5
UB4 ∞ ∞ 5

x5

d5 0 0 0
CX5 {} {} {}
cx5(0, x6) {} {} {}
LB5 0 0 0
lb5(0, x6) 0 0 0
UB5 ∞ ∞ ∞
ub5(0, x6) ∞ ∞ ∞

x6

d6 0 0 0
CX6 {} {} {}
LB6 0 0 0
UB6 ∞ ∞ ∞
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Figure A.3: Step 1 (3). x3 receives the VALUE message
from x1 and the COST message from x4 and computes the
lower bound as LB3 = 5. Then, x3 sends a COST message
with CX3 ∋ (x1, 0) and LB3 = 5 to x1.
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Figure A.4: Step 1 (4). After x1 receives the COST mes-
sage, x1 updates LB1(0) to 5. Since LB1(0) = 5 > TH1 =
0, x1 changes its value d1 to 1 and sends VALUE messages
to its children and pseudo-children.

Table A.2: States of agents in Steps 1 (3)–1 (4).

Variables Step 1 (3) Step 1 (4)

x0

d0 0 0
LB0 0 0
lb0(0, x1) 0 0
lb0(0, x2) 0 0
UB0 ∞ ∞
ub0(0, x1) ∞ ∞
ub0(0, x2) ∞ ∞
TH0 0 0
th0(0, x1) 0 0
th0(0, x2) 0 0

x1

d1 0 1
LB1 0 0
lb1(0, x3) 0 5
lb1(0, x5) 0 0
lb1(1, x3) 0 0
lb1(1, x5) 0 0
UB1 ∞ ∞
ub1(0, x3) ∞ 5
ub1(0, x5) ∞ ∞
ub1(1, x3) ∞ ∞
ub1(1, x5) ∞ ∞
TH1 0 0

x3

d3 0 0
CX3 {(x1,0)} {(x1, 0)}
cx3(0, x4) {(x1,0)} {(x1, 0)}
LB3 5 5
lb3(0, x4) 5 5
UB3 5 5
ub3(0, x4) 5 5

x4

d4 0 0
CX4 {(x1, 0),

(x3, 0)}
{(x1, 0),
(x3, 0)}

LB4 5 5
UB4 5 5

x5

d5 0 0
CX5 {} {}
cx5(0, x6) {} {}
LB5 0 0
lb5(0, x6) 0 0
UB5 ∞ ∞
ub5(0, x6) ∞ ∞

x6

d6 0 0
CX6 {} {}
LB6 0 0
UB6 ∞ ∞
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Figure A.5: Step 2 (1). x5 receives the VALUE messages
from x1 and sends a COST message to x1, but this COST
message does not affect the bounds of x1 because LB5 = 0
and UB5 = ∞, which are the initial bounds.
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Figure A.6: Step 2 (2). Similar to the procedure in Step 1,
x4 receives and sends messages.
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Figure A.7: Step 2 (3). Similar to the procedure in Step 1,
x3 receives and sends messages.

Table A.3: States of agents in Steps 2 (1)–2 (3).

Variables Step 2 (1) Step 2 (2) Step 2 (3)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ ∞ ∞
TH0 0 0 0
th0(0, x1) 0 0 0
th0(0, x2) 0 0 0

x1

d1 1 1 1
LB1 0 0 0
lb1(0, x3) 5 5 5
lb1(0, x5) 0 0 0
lb1(1, x3) 0 0 0
lb1(1, x5) 0 0 0
UB1 ∞ ∞ ∞
ub1(0, x3) 5 5 5
ub1(0, x5) ∞ ∞ ∞
ub1(1, x3) ∞ ∞ ∞
ub1(1, x5) ∞ ∞ ∞
TH1 0 0 0

x3

d3 0 0 0
CX3 {(x1, 0)} {(x1, 0)} {(x1,1)}
cx3(0, x4) {(x1, 0)} {(x1, 0)} {(x1,1)}
UB3 5 5 6
lb3(0, x4) 5 5 6
UB3 5 5 6
ub3(0, x4) 5 5 6

x4

d4 0 0 0
CX4 {(x1, 0),

(x3, 0)}
{(x1,1),
(x3,0)}

{(x1, 1),
(x3, 0)}

LB4 5 6 6
UB4 5 6 6

x5

d5 0 0 0
CX5 {} {} {}
cx5(0, x6) {} {} {}
LB5 0 0 0
lb5(0, x6) 0 0 0
UB5 ∞ ∞ ∞
ub5(0, x6) ∞ ∞ ∞

x6

d6 0 0 0
CX6 {} {} {}
LB6 0 0 0
UB6 ∞ ∞ ∞
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Figure A.8: Step 2 (4). Similar to the procedure in Step 1,
x1 receives and sends messages, and then x1 updates the
lower bound as LB1(1) = 6. Additionally, the threshold
of x1 increases as TH1 = LB1 = min{LB1(0), LB1(1)} =
5 because of ThresholdInvariant. Since LB1(1) = 6 >
TH1 = 5, x1 changes its value d1 back to 0.
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Figure A.9: Step 3 (1). Similar cost calculations and value
changes are performed in x6.
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Figure A.10: Step 3 (2). Similar cost calculations and
value changes are performed in x5.

Table A.4: States of agents in Steps 2 (4)–3 (2).

Variables Step 2 (4) Step 3 (1) Step 3 (2)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ ∞ ∞
TH0 0 0 0
th0(0, x1) 0 0 0
th0(0, x2) 0 0 0

x1

d1 0 0 0
LB1 5 5 5
lb1(0, x3) 5 5 5
lb1(0, x5) 0 0 0
lb1(1, x3) 6 6 6
lb1(1, x5) 0 0 0
UB1 ∞ ∞ ∞
ub1(0, x3) 5 5 5
ub1(0, x5) ∞ ∞ ∞
ub1(1, x3) 6 6 6
ub1(1, x5) ∞ ∞ ∞
TH1 5 5 5

x3

d3 0 0 0
CX3 {(x1, 1)} {(x1, 1)} {(x1, 1)}
cx3(0, x4) {(x1, 1)} {(x1, 1)} {(x1, 1)}
UB3 6 6 6
lb3(0, x4) 6 6 6
UB3 6 6 6
ub3(0, x4) 6 6 6

x4

d4 0 0 0
CX4 {(x1, 1),

(x3, 0)}
{(x1, 1),
(x3, 0)}

{(x1, 1),
(x3, 0)}

LB4 6 6 6
UB4 6 6 6

x5

d5 0 0 0
CX5 {} {} {(x1,0)}
cx5(0, x6) {} {} {(x1,0)}
LB5 0 0 2
lb5(0, x6) 0 0 2
UB5 ∞ ∞ 2
ub5(0, x6) ∞ ∞ 2

x6

d6 0 0 0
CX6 {} {(x1,0),

(x5,0)}
{(x1, 0),
(x5, 0)}

LB6 0 2 2
UB6 ∞ 2 2
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Figure A.11: Step 3 (3). Similar cost calculations and
value changes are performed in x1.
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Figure A.12: Step 3 (4). Similar cost calculations and
value changes are performed in x6.
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Figure A.13: Step 3 (5). Similar cost calculations and
value changes are performed in x5.

Table A.5: States of agents in Steps 3 (3)–3 (5).

Variables Step 3 (3) Step 3 (4) Step 3 (5)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ ∞ ∞
TH0 0 0 0
th0(0, x1) 0 0 0
th0(0, x2) 0 0 0

x1

d1 1 1 1
LB1 6 6 6
lb1(0, x3) 5 5 5
lb1(0, x5) 2 2 2
lb1(1, x3) 6 6 6
lb1(1, x5) 0 0 0
UB1 7 7 7
ub1(0, x3) 5 5 5
ub1(0, x5) 2 2 2
ub1(1, x3) 6 6 6
ub1(1, x5) ∞ ∞ ∞
TH1 6 6 6

x3

d3 0 0 0
CX3 {(x1, 1)} {(x1, 1)} {(x1, 1)}
cx3(0, x4) {(x1, 1)} {(x1, 1)} {(x1, 1)}
LB3 6 6 6
lb3(0, x4) 6 6 6
UB3 6 6 6
ub3(0, x4) 6 6 6

x4

d4 0 0 0
CX4 {(x1, 1),

(x3, 0)}
{(x1, 1),
(x3, 0)}

{(x1, 1),
(x3, 0)}

LB4 6 6 6
UB4 6 6 6

x5

d5 0 0 0
CX5 {(x1, 0)} {(x1, 0)} {(x1,1)}
cx5(0, x6) {(x1, 0)} {(x1, 0)} {(x1,1)}
LB5 2 2 3
lb5(0, x6) 2 2 3
UB5 2 2 3
ub5(0, x6) 2 2 3

x6

d6 0 0 0
CX6 {(x1, 0),

(x5, 0)}
{(x1,1),
(x5,0)}

{(x1, 1),
(x5, 0)}

LB6 2 3 3
UB6 2 3 3
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Figure A.14: Step 3 (6). Similar cost calculations and
value changes are performed in x1. After the cost calcu-
lation, x1 sends VALUE messages with the current value
d1 = 0 to the lower neighbors and a COST message with
LB1 = 7 to x0.

COST

 THRESHOLD THRESHOLD

Figure A.15: Step 3 (7). x0 receives the COST message
and then increases LB0, TH0, and th0(0, x1) to 7.
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Figure A.16: Step 4. x3 receives the three VALUE mes-
sages from x1, in which the values are d1 = 0, d1 = 1,
and d1 = 0, in the order of sending. When x3 pro-
cesses the first VALUE message, the lower bound of x3

is reinitialized as LB3 = LB3(0) = lb3(0, x4) = 0 since
context cx3(0, x4) ∋ (x1, 1), received from x4 through the
COST message, is incompatible with the updated context
CX3 ∋ (x1, 0). After x3 processes the remaining messages,
x3 sends two types of COST messages to x1, i.e., the mes-
sage with LB3 = 0 and CX3 = {(x1, 0)} and the message
with LB3 = 0 and CX3 = {(x1, 1)}. Similarly, x5 receives
the VALUE message with d1 = 0 from x1 and reinitializes
the bounds. Additionally, x5 sends a COST message with
LB5 = 0 and CX5 = {(x1, 0)} to x1.

Table A.6: States of agents in Steps 3 (6)–4.

Variables Step 3 (6) Step 3 (7) Step 4

x0

d0 0 0 0
LB0 0 7 7
lb0(0, x1) 0 7 7
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ 7 7
ub0(0, x2) ∞ ∞ ∞
TH0 0 7 7
th0(0, x1) 0 7 7
th0(0, x2) 0 0 0

x1

d1 0 0 0
LB1 7 7 7
lb1(0, x3) 5 5 5
lb1(0, x5) 2 2 2
lb1(1, x3) 6 6 6
lb1(1, x5) 3 3 3
UB1 7 7 7
ub1(0, x3) 5 5 5
ub1(0, x5) 2 2 2
ub1(1, x3) 6 6 6
ub1(1, x5) 3 3 3
TH1 7 7 7

x3

d3 0 0 0
CX3 {(x1, 1)} {(x1, 1)} {(x1,0)}
cx3(0, x4) {(x1, 1)} {(x1, 1)} {}
LB3 6 6 0
lb3(0, x4) 6 6 0
UB3 6 6 ∞
ub3(0, x4) 6 6 ∞

x4

d4 0 0 0
CX4 {(x1, 1),

(x3, 0)}
{(x1, 1),
(x3, 0)}

{(x1, 1),
(x3, 0)}

LB4 6 6 6
UB4 6 6 6

x5

d5 0 0 0
CX5 {(x1, 1)} {(x1, 1)} {(x1,0)}
cx5(0, x6) {(x1, 1)} {(x1, 1)} {}
LB5 3 3 0
lb5(0, x6) 3 3 0
UB5 3 3 ∞
ub5(0, x6) 3 3 ∞

x6

d6 0 0 0
CX6 {(x1, 1),

(x5, 0)}
{(x1, 1),
(x5, 0)}

{(x1, 1),
(x5, 0)}

LB6 3 3 3
UB6 3 3 3
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Figure A.17: Step 5 (1). x1 receives the COST messages
from x3 and x5 and updates the lower bounds as LB1(0) =
lb1(0, x3)+lb1(0, x5) = 0, LB1(1) = lb1(1, x3)+lb1(1, x5) =
3. Thus, x1 obtains the lower bound as LB1 = 0 and keeps
the value d1 = 0. Additionally, x1 sends a COST message
with LB1 = 0 to x0.
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Figure A.18: Step 5 (2). x0 receives the COST message
from x1 and updates the lower bound as LB0 = LB0(0) =
lb0(0, x1) + lb0(0, x2) = 0. Although LB0 decreases, the
thresholds for the children are kept as th0(0, x1) = 7 and
th0(0, x2) = 0.

Table A.7: States of agents in Steps 5 (1)–5 (2).

Variables Step 5 (1) Step 5 (2)

x0

d0 0 0
LB0 7 0
lb0(0, x1) 7 0
lb0(0, x2) 0 0
UB0 ∞ ∞
ub0(0, x1) 7 ∞
ub0(0, x2) ∞ ∞
TH0 7 7
th0(0, x1) 7 7
th0(0, x2) 0 0

x1

d1 0 0
LB1 0 0
lb1(0, x3) 0 0
lb1(0, x5) 0 0
lb1(1, x3) 0 0
lb1(1, x5) 3 3
UB1 ∞ ∞
ub1(0, x3) ∞ ∞
ub1(0, x5) ∞ ∞
ub1(1, x3) ∞ ∞
ub1(1, x5) 3 3
TH1 7 7

x3

d3 0 0
CX3 {(x1, 0)} {(x1, 0)}
cx3(0, x4) {} {}
LB3 0 0
lb3(0, x4) 0 0
UB3 ∞ ∞
ub3(0, x4) ∞ ∞

x4

d4 0 0
CX4 {(x1, 1),

(x3, 0)}
{(x1, 1),
(x3, 0)}

LB4 6 6
UB4 6 6

x5

d5 0 0
CX5 {(x1, 0)} {(x1, 0)}
cx5(0, x6) {} {}
LB5 0 0
lb5(0, x6) 0 0
UB5 ∞ ∞
ub5(0, x6) ∞ ∞

x6

d6 0 0
CX6 {(x1, 1),

(x5, 0)}
{(x1, 1),
(x5, 0)}

LB6 3 3
UB6 3 3
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Figure A.19: Step 6 (1). The same process is performed in
the subtree rooted at x2.
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Figure A.20: Step 6 (2). The same process is performed in
the subtree rooted at x2.

Table A.8: States of agents in Steps 6 (1)–6 (2).

Variables Step 6 (1) Step 6 (2)

x0

d0 0 0
LB0 0 0
lb0(0, x1) 0 0
lb0(0, x2) 0 0
UB0 ∞ ∞
ub0(0, x1) ∞ ∞
ub0(0, x2) ∞ ∞
TH0 7 7
th0(0, x1) 7 7
th0(0, x2) 0 0

x2

d2 0 0
LB2 0 0
lb2(0, x7) 0 0
lb2(0, x9) 0 0
lb2(1, x7) 0 0
lb2(1, x9) 0 0
UB2 ∞ ∞
ub2(0, x7) ∞ ∞
ub2(0, x9) ∞ ∞
ub2(1, x7) ∞ ∞
ub2(1, x9) ∞ ∞
TH2 0 0

x7

d7 0 0
CX7 {} {}
cx7(0, x8) {} {}
LB7 0 0
lb7(0, x8) 0 0
UB7 ∞ ∞
ub7(0, x8) ∞ ∞

x8

d8 0 0
CX8 {} {(x1,0),

(x7,0)}
LB8 0 5
UB8 ∞ 5

x9

d9 0 0
CX9 {} {}
cx9(0, x10) {} {}
LB9 0 0
lb9(0, x10) 0 0
UB9 ∞ ∞
ub9(0, x10) ∞ ∞

x10

d10 0 0
CX10 {} {}
LB10 0 0
UB10 ∞ ∞
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Figure A.21: Step 6 (3). The same process is performed in
the subtree rooted at x2.
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Figure A.22: Step 6 (4). The same process is performed in
the subtree rooted at x2.

Table A.9: States of agents in Steps 6 (3)–6 (4).

Variables Step 6 (3) Step 6 (4)

x0

d0 0 0
LB0 0 0
lb0(0, x1) 0 0
lb0(0, x2) 0 0
UB0 ∞ ∞
ub0(0, x1) ∞ ∞
ub0(0, x2) ∞ ∞
TH0 7 7
th0(0, x1) 7 7
th0(0, x2) 0 0

x2

d2 0 1
LB2 0 0
lb2(0, x7) 0 5
lb2(0, x9) 0 0
lb2(1, x7) 0 0
lb2(1, x9) 0 0
UB2 ∞ ∞
ub2(0, x7) ∞ 5
ub2(0, x9) ∞ ∞
ub2(1, x7) ∞ ∞
ub2(1, x9) ∞ ∞
TH2 0 0

x7

d7 0 0
CX7 {(x1,0)} {(x1, 0)}
cx7(0, x8) {(x1,0)} {(x1, 0)}
LB7 5 5
lb7(0, x8) 5 5
UB7 5 5
ub7(0, x8) 5 5

x8

d8 0 0
CX8 {(x1, 0),

(x7, 0)}
{(x1, 0),
(x7, 0)}

LB8 5 5
UB8 5 5

x9

d9 0 0
CX9 {} {}
cx9(0, x10) {} {}
LB9 0 0
lb9(0, x10) 0 0
UB9 ∞ ∞
ub9(0, x10) ∞ ∞

x10

d10 0 0
CX10 {} {}
LB10 0 0
UB10 ∞ ∞
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Figure A.23: Step 6 (5). The same process is performed in
the subtree rooted at x2.
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Figure A.24: Step 6 (6). The same process is performed in
the subtree rooted at x2.
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Figure A.25: Step 6 (7). The same process is performed in
the subtree rooted at x2.

Table A.10: States of agents in Steps 6 (5)–6 (7).

Variables Step 6 (5) Step 6 (6) Step 6 (7)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ ∞ ∞
TH0 7 7 7
th0(0, x1) 7 7 7
th0(0, x2) 0 0 0

x2

d2 1 1 1
LB2 0 0 0
lb2(0, x7) 5 5 5
lb2(0, x9) 0 0 0
lb2(1, x7) 0 0 0
lb2(1, x9) 0 0 0
UB2 ∞ ∞ ∞
ub2(0, x7) 5 5 5
ub2(0, x9) ∞ ∞ ∞
ub2(1, x7) ∞ ∞ ∞
ub2(1, x9) ∞ ∞ ∞
TH2 0 0 0

x7

d7 0 0 0
CX7 {(x1, 0)} {(x1, 0)} {(x1,1)}
cx7(0, x8) {(x1, 0)} {(x1, 0)} {(x1,1)}
LB7 5 5 6
lb7(0, x8) 5 5 6
UB7 5 5 6
ub7(0, x8) 5 5 6

x8

d8 0 0 0
CX8 {(x1, 0),

(x7, 0)}
{(x1,1),
(x7,0)}

{(x1, 1),
(x7, 0)}

LB8 5 6 6
UB8 5 6 6

x9

d9 0 0 0
CX9 {} {} {}
cx9(0, x10) {} {} {}
LB9 0 0 0
lb9(0, x10) 0 0 0
UB9 ∞ ∞ ∞
ub9(0, x10) ∞ ∞ ∞

x10

d10 0 0 0
CX10 {} {} {}
LB10 0 0 0
UB10 ∞ ∞ ∞
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Figure A.26: Step 6 (8). The same process is performed in
the subtree rooted at x2.

VALUE
COST

Figure A.27: Step 6 (9). The same process is performed in
the subtree rooted at x2.

VALUE

COST

COST

Figure A.28: Step 6 (10). The same process is performed
in the subtree rooted at x2.

Table A.11: States of agents in Steps 6 (8)–6 (10).

Variables Step 6 (8) Step 6 (9) Step 6 (10)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ ∞ ∞
TH0 7 7 7
th0(0, x1) 7 7 7
th0(0, x2) 0 0 0

x2

d2 0 0 0
LB2 5 5 5
lb2(0, x7) 5 5 5
lb2(0, x9) 0 0 0
lb2(1, x7) 6 6 6
lb2(1, x9) 0 0 0
UB2 ∞ ∞ ∞
ub2(0, x7) 5 5 5
ub2(0, x9) ∞ ∞ ∞
ub2(1, x7) 6 6 6
ub2(1, x9) ∞ ∞ ∞
TH2 5 5 5

x7

d7 0 0 0
CX7 {(x1, 1)} {(x1, 1)} {(x1, 1)}
cx7(0, x8) {(x1, 1)} {(x1, 1)} {(x1, 1)}
LB7 6 6 6
lb7(0, x8) 6 6 6
UB7 6 6 6
ub7(0, x8) 6 6 6

x8

d8 0 0 0
CX8 {(x1, 1),

(x7, 0)}
{(x1, 1),
(x7, 0)}

{(x1, 1),
(x7, 0)}

LB8 6 6 6
UB8 6 6 6

x9

d9 0 0 0
CX9 {} {} {(x2,0)}
cx9(0, x10) {} {} {(x2,0)}
LB9 0 0 2
lb9(0, x10) 0 0 2
UB9 ∞ ∞ 2
ub9(0, x10) ∞ ∞ 2

x10

d10 0 0 0
CX10 {} {(x1,0),

(x9,0)}
{(x1, 0),
(x9, 0)}

LB10 0 2 2
UB10 ∞ 2 2
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VALUE

VALUE

VALUE

VALUE

COST

Figure A.29: Step 6 (11). The same process is performed
in the subtree rooted at x2.

VALUE
COST

Figure A.30: Step 6 (12). The same process is performed
in the subtree rooted at x2.

VALUE

COST

COST

Figure A.31: Step 6 (13). The same process is performed
in the subtree rooted at x2.

Table A.12: States of agents in Steps 6 (11)–6 (13).

Variables Step 6 (11) Step 6 (12) Step 6 (13)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x2) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ ∞ ∞
TH0 7 7 7
th0(0, x1) 7 7 7
th0(0, x2) 0 0 0

x2

d2 1 1 1
LB2 6 6 6
lb2(0, x7) 5 5 5
lb2(0, x9) 2 2 2
lb2(1, x7) 6 6 6
lb2(1, x9) 0 0 0
UB2 7 7 7
ub2(0, x7) 5 5 5
ub2(0, x9) 2 2 2
ub2(1, x7) 6 6 6
ub2(1, x9) ∞ ∞ ∞
TH2 6 6 6

x7

d7 0 0 0
CX7 {(x1, 1)} {(x1, 1)} {(x1, 1)}
cx7(0, x8) {(x1, 1)} {(x1, 1)} {(x1, 1)}
LB7 6 6 6
lb7(0, x8) 6 6 6
UB7 6 6 6
ub7(0, x8) 6 6 6

x8

d8 0 0 0
CX8 {(x1, 1),

(x7, 0)}
{(x1, 1),
(x7, 0)}

{(x1, 1),
(x7, 0)}

LB8 6 6 6
UB8 6 6 6

x9

d9 0 0 0
CX9 {(x1, 0)} {(x1, 0)} {(x1,1)}
cx9(0, x10) {(x1, 0)} {(x1, 0)} {(x1,1)}
LB9 2 2 3
lb9(0, x10) 2 2 3
UB9 2 2 3
ub9(0, x10) 2 2 3

x10

d10 0 0 0
CX10 {(x1, 0),

(x9, 0)}
{(x1,1),
(x9,0)}

{(x1, 1),
(x9, 0)}

LB10 2 3 3
UB10 2 3 3
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VALUE

VALUE

VALUE

VALUE

COST

COST

Figure A.32: Step 6 (14). The same process is performed
in the subtree rooted at x2.

COST

 THRESHOLD THRESHOLD

Figure A.33: Step 6 (15). The same process is performed
in the subtree rooted at x2.

VALUE

COST COST

2. VALUE

1. VALUE

3. VALUE

Figure A.34: Step 6 (16). The same process is performed
in the subtree rooted at x2.

Table A.13: States of agents in Steps 6 (14)–6 (16).

Variables Step 6 (14) Step 6 (15) Step 6 (16)

x0

d0 0 0 0
LB0 0 7 7
lb0(0, x1) 0 0 0
lb0(0, x2) 0 7 7
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x2) ∞ 7 7
TH0 7 7 7
th0(0, x1) 7 0 0
th0(0, x2) 0 7 7

x2

d2 0 0 0
LB2 7 7 7
lb2(0, x7) 5 5 5
lb2(0, x9) 2 2 2
lb2(1, x7) 6 6 6
lb2(1, x9) 3 3 3
UB2 7 7 7
ub2(0, x7) 5 5 5
ub2(0, x9) 2 2 2
ub2(1, x7) 6 6 6
ub2(1, x9) 3 3 3
TH2 7 7 7

x7

d7 0 0 0
CX7 {(x1, 1)} {(x1, 1)} {(x1,0)}
cx7(0, x8) {(x1, 1)} {(x1, 1)} {}
LB7 6 6 0
lb7(0, x8) 6 6 0
UB7 6 6 ∞
ub7(0, x8) 6 6 ∞

x8

d8 0 0 0
CX8 {(x1, 1),

(x7, 0)}
{(x1, 1),
(x7, 0)}

{(x1, 1),
(x7, 0)}

LB8 6 6 6
UB8 6 6 6

x9

d9 0 0 0
CX9 {(x1, 1)} {(x1, 1)} {(x1,0)}
cx9(0, x10) {(x1, 1)} {(x1, 1)} {}
LB9 3 3 0
lb9(0, x10) 3 3 0
UB9 3 3 ∞
ub9(0, x10) 3 3 ∞

x10

d10 0 0 0
CX10 {(x1, 1),

(x9, 0)}
{(x1, 1),
(x9, 0)}

{(x1, 1),
(x9, 0)}

LB10 3 3 3
UB10 3 3 3
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VALUE
VALUE

COST

VALUE
VALUE

COST

1. COST

2. COST

Figure A.35: Step 6 (17). The same process is performed
in the subtree rooted at x2.

COST

 THRESHOLD THRESHOLD

Figure A.36: Step 6 (18). The same process is performed
in the subtree rooted at x2.

Table A.14: States of agents in Steps 6 (17)–6 (18).

Variables Step 6 (17) Step 6 (18)

x0

d0 0 0
LB0 7 0
lb0(0, x1) 0 0
lb0(0, x2) 7 0
UB0 ∞ ∞
ub0(0, x1) ∞ ∞
ub0(0, x2) 7 ∞
TH0 7 7
th0(0, x1) 0 0
th0(0, x2) 7 7

x2

d2 0 0
LB2 0 0
lb2(0, x7) 0 0
lb2(0, x9) 0 0
lb2(1, x7) 0 0
lb2(1, x9) 3 3
UB2 ∞ ∞
ub2(0, x7) ∞ ∞
ub2(0, x9) ∞ ∞
ub2(1, x7) ∞ ∞
ub2(1, x9) 3 3
TH2 7 7

x7

d7 0 0
CX7 {(x1, 0)} {(x1, 0)}
cx7(0, x8) {} {}
LB7 0 0
lb7(0, x8) 0 0
UB7 ∞ ∞
ub7(0, x8) ∞ ∞

x8

d8 0 0
CX8 {(x1, 1),

(x7, 0)}
{(x1, 1),
(x7, 0)}

LB8 6 6
UB8 6 6

x9

d9 0 0
CX9 {(x1, 0)} {(x1, 0)}
cx9(0, x10) {} {}
LB9 0 0
lb9(0, x10) 0 0
UB9 ∞ ∞
ub9(0, x10) ∞ ∞

x10

d10 0 0
CX10 {(x1, 1),

(x9, 0)}
{(x1, 1),
(x9, 0)}

LB10 3 3
UB10 3 3
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Appendix A.2. Counterexample to Optimality Caused by Initialization

Figures A.37–A.40 and Tables A.15–A.16 show the trace of the counterexample to optimality
caused by initialization, described in 3.2.

VALUE

VALUE

VALUE

Figure A.37: Step 1 (1). Agents send VALUE messages to
their children and pseudo-children.

VALUE
COST

Figure A.38: Step 1 (2). x2 receives the VALUE mes-
sage only from its parent x1, which means that the
messages from the pseudo-parent x0 are delayed. Here,
x2 updates the current context as CX2 = {(x1, 0)}.
Since local cost δi(d,CX) is defined as δi(d,CX) :=∑

(xj ,dj)∈CX fi,j(d, dj), x2 computes the local costs as

δ2(0, {(x1, 0)}) = f1,2(0, 0) = 0 and δ2(1, {(x1, 0)}) =
f1,2(0, 1) = 0. Thus, the bounds of x2 are obtained as
LB2 = UB2 = 0. Then, x2 sends a COST message with
LB2 = UB2 = 0 to x1.

Table A.15: States of agents in Steps 0–1 (2).

Variables Step 0 Step 1 (1) Step 1 (2)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(1, x1) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(1, x1) ∞ ∞ ∞
TH0 0 0 0

x1

d1 0 0 0
CX1 {} {} {}
cx1(0, x2) {} {} {}
LB1 0 0 0
lb1(0, x2) 0 0 0
UB1 ∞ ∞ ∞
ub1(0, x2) ∞ ∞ ∞
TH1 0 0 0

x2

d2 0 0 0
CX2 {} {} {(x1,0)}
LB2 0 0 0
UB2 ∞ ∞ 0
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VALUE

COST

COST

Figure A.39: Step 2 (1). After x1 receives the VALUE
message from x0 and the COST message from x2, x1 com-
putes the bounds as LB1 = UB1 = 0.

COST

Figure A.40: Step 2 (2). x0 updates the bounds as
LB0(0) = UB0(0) = 0 through the COST message sent
from x1. Since LB0 = TH0 = UB0 = UB0(0) = 0 due
to ThresholdInvariant, x0 keeps its value as d0 = 0 and
satisfies the termination condition. However, the variable
value d0 = 0 is suboptimal.

Table A.16: States of agents in Steps 2 (1)–2 (2).

Variables Step 2 (1) Step 2 (2)

x0

d0 0 0
LB0 0 0
lb0(0, x1) 0 0
lb0(1, x1) 0 0
UB0 ∞ 0
ub0(0, x1) ∞ 0
ub0(1, x1) ∞ ∞
TH0 0 0

x1

d1 0 0
CX1 {(x0, 0)} {(x0, 0)}
cx1(0, x2) {(x0, 0)} {(x0, 0)}
LB1 0 0
lb1(0, x2) 0 0
UB1 0 0
ub1(0, x2) 0 0
TH1 0 0

x2

d2 0 0
CX2 {(x1, 0)} {(x1, 0)}
LB2 0 0
UB2 0 0
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Appendix A.3. Counterexample to Optimality Caused by TERMINATE Messages

Figures A.41–A.56 and Tables A.17–A.23 show the trace of the counterexample to optimality
caused by TERMINATE messages, described in 3.3. Additionally, the trace where x2 performs
reinitialization when it receives a TERMINATE message, described in “Cause of Counterexample”,
is shown as Step 6’ in Figures A.57–A.59 and Tables A.24 and A.25.
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VALUE

VALUE

VALUE

VALUE

VALUE

Figure A.41: Step 0 (1). Agents calculate the cost in the
case where x0 takes the value 0.

VALUE

VALUE COST

Figure A.42: Step 0 (2). Agents calculate the cost in the
case where x0 takes the value 0.

Table A.17: States of agents in Steps 0 (1)–0 (2).

Variables Step 0 (1) Step 0 (2)

x0

d0 0 0
LB0 0 0
lb0(0, x1) 0 0
lb0(0, x4) 0 0
lb0(1, x1) 0 0
lb0(1, x4) 0 0
UB0 ∞ ∞
ub0(0, x1) ∞ ∞
ub0(0, x4) ∞ ∞
ub0(1, x1) ∞ ∞
ub0(1, x4) ∞ ∞
TH0 0 0
th0(0, x1) 0 0
th0(0, x4) 0 0
th0(1, x1) 0 0
th0(1, x4) 0 0

x1

d1 0 0
CX1 {} {}
cx1(0, x2) {} {}
LB1 0 0
lb1(0, x2) 0 0
UB1 ∞ ∞
ub1(0, x2) ∞ ∞
TH1 0 0

x2

d2 0 0
CX2 {} {}
cx2(0, x3) {} {}
cx2(1, x3) {} {}
LB2 0 0
lb2(0, x3) 0 0
lb2(1, x3) 0 0
UB2 ∞ ∞
ub2(0, x3) ∞ ∞
ub2(1, x3) ∞ ∞
TH2 0 0

x3

d3 0 0
CX3 {} {(x0, 0),

(x2, 0)}
LB3 0 1
UB3 ∞ 1

x4

d4 0 0
CX4 {} {}
LB4 0 0
UB4 ∞ ∞
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VALUE

VALUE

COST

Figure A.43: Step 0 (3). Agents calculate the cost in the
case where x0 takes the value 0.

VALUE

COST

Figure A.44: Step 0 (4). Agents calculate the cost in the
case where x0 takes the value 0.

VALUE

COST

COST

Figure A.45: Step 0 (5). Agents calculate the cost in the
case where x0 takes the value 0.

Table A.18: States of agents in Steps 0 (3)–0 (5).

Variables Step 0 (3) Step 0 (4) Step 0 (5)

x0

d0 0 0 0
LB0 0 0 0
lb0(0, x1) 0 0 0
lb0(0, x4) 0 0 0
lb0(1, x1) 0 0 0
lb0(1, x4) 0 0 0
UB0 ∞ ∞ ∞
ub0(0, x1) ∞ ∞ ∞
ub0(0, x4) ∞ ∞ ∞
ub0(1, x1) ∞ ∞ ∞
ub0(1, x4) ∞ ∞ ∞
TH0 0 0 0
th0(0, x1) 0 0 0
th0(0, x4) 0 0 0
th0(1, x1) 0 0 0
th0(1, x4) 0 0 0

x1

d1 0 0 0
CX1 {} {} {}
cx1(0, x2) {} {} {}
LB1 0 0 0
lb1(0, x2) 0 0 0
UB1 ∞ ∞ ∞
ub1(0, x2) ∞ ∞ ∞
TH1 0 0 0

x2

d2 1 1 0
CX2 {(x0,0),

(x1,0)}
{(x0, 0),
(x1, 0)}

{(x0, 0),
(x1, 0)}

cx2(0, x3) {(x0,0)} {(x0, 0)} {(x0, 0)}
cx2(1, x3) {} {} {(x0,0)}
LB2 0 0 1
lb2(0, x3) 1 1 1
lb2(1, x3) 0 0 11
UB2 1 1 1
ub2(0, x3) 1 1 1
ub2(1, x3) ∞ ∞ 11
TH2 0 0 1

x3

d3 0 0 0
CX3 {(x0, 0),

(x2, 0)}
{(x0,0),
(x2,1)}

{(x0, 0),
(x2, 1)}

LB3 1 11 11
UB3 1 11 11

x4

d4 0 0 0
CX4 {} {} {}
LB4 0 0 0
UB4 ∞ ∞ ∞
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COST

COST

Figure A.46: Step 0 (6). Agents calculate the cost in the
case where x0 takes the value 0.
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VALUE
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VALUE
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Figure A.47: Step 1 (1). x0 sends VALUE messages with
d0 = 1 to x1, x3, and x4.

VALUE

VALUE

COST

COST

VALUE

Figure A.48: Step 1 (2). x3 and x4 receive the VALUE
messages. At this moment, x3 updates the context and
the bounds as CX3 = {(x0, 1), (x2, 0)} and LB3 = UB3 =
200, and x4 also updates them as CX4 = {(x0, 1)} and
LB4 = UB4 = 1000. Then, they send COST messages to
their parents: from x3 to x2 and from x4 to x0.

Table A.19: States of agents in Steps 0 (6)–1 (2).

Variables Step 0 (6) Step 1 (1) Step 1 (2)

x0

d0 0 1 1
LB0 0 0 0
lb0(0, x1) 0 1 1
lb0(0, x4) 0 0 0
lb0(1, x1) 0 0 0
lb0(1, x4) 0 0 0
UB0 ∞ 1 1
ub0(0, x1) ∞ 1 1
ub0(0, x4) ∞ 0 0
ub0(1, x1) ∞ ∞ ∞
ub0(1, x4) ∞ ∞ ∞
TH0 0 0 0
th0(0, x1) 0 1 1
th0(0, x4) 0 0 0
th0(1, x1) 0 0 0
th0(1, x4) 0 0 0

x1

d1 0 0 0
CX1 {(x0,0)} {(x0, 0)} {(x0, 0)}
cx1(0, x2) {(x0,0)} {(x0, 0)} {(x0, 0)}
LB1 1 1 1
lb1(0, x2) 1 1 1
UB1 1 1 1
ub1(0, x2) 1 1 1
TH1 1 1 1

x2

d2 0 0 0
CX2 {(x0, 0),

(x1, 0)}
{(x0, 0),
(x1, 0)}

{(x0, 0),
(x1, 0)}

cx2(0, x3) {(x0, 0)} {(x0, 0)} {(x0, 0)}
cx2(1, x3) {(x0, 0)} {(x0, 0)} {(x0, 0)}
LB2 1 1 1
lb2(0, x3) 1 1 1
lb2(1, x3) 11 11 11
UB2 1 1 1
ub2(0, x3) 1 1 1
ub2(1, x3) 11 11 11
TH2 1 1 1

x3

d3 0 0 1
CX3 {(x0, 0),

(x2, 1)}
{(x0, 0),
(x2, 1)}

{(x0,1),
(x2,0)}

LB3 11 11 200
UB3 11 11 200

x4

d4 0 0 0
CX4 {(x0,0)} {(x0, 0)} {(x0,1)}
LB4 0 0 1000
UB4 0 0 1000
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2. THRESHOLD

2. THRESHOLD

1. VALUE

1. VALUE

VALUE

COST
3. TERMINATE

3. TERMINATE

Figure A.49: Step 1 (3). After x0 receives the COST mes-
sage from x4, x0 changes its value d0 back to 0 since the
bounds are obtained as LB0(1) = 1000 and LB0 = TH0 =
UB0 = UB0(0) = 1 due to ThresholdInvariant. Therefore,
x0 satisfies the termination condition. When x0 executes
termination, x0 sends VALUE messages with d0 = 0 to its
lower neighbors (i.e., x1, x3, and x4) and THRESHOLD
and TERMINATE messages to its children (i.e., x1 and
x4) in this order.

1. VALUE

VALUE

2. VALUE

COST
4. TERMINATE

3. THRESHOLD

Figure A.50: Step 2. x1 receives the VALUE messages
from x0, including the message that x0 sent when d0 = 1, in
the order of sending. Then, x1 changes CX1 from {(x0, 0)}
into {(x0, 1)} and returns it to {(x0, 0)}. Since {(x0, 1)}
is incompatible with cx1(0, x2) = {(x0, 0)}, x1 reinitial-
izes the bounds as LB1 = 0 and UB1 = ∞. By contrast,
TH1 is not changed from 1. Furthermore, x1 receives the
THRESHOLD and TERMINATE messages from x0, and
then x1 records receiving the TERMINATE message but
does not terminate because TH1 = 1 < UB1 = ∞. Addi-
tionally, x1 sends a VALUE message to x2.

Table A.20: States of agents in Steps 1 (3)–3.

Variables Step 1 (3) Step 2 Step 3

x0

d0 0 0 0
LB0 1 1 1
lb0(0, x1) 1 1 1
lb0(0, x4) 0 0 0
lb0(1, x1) 0 0 0
lb0(1, x4) 1000 1000 1000
UB0 1 1 1
ub0(0, x1) 1 1 1
ub0(0, x4) 0 0 0
ub0(1, x1) ∞ ∞ ∞
ub0(1, x4) 1000 1000 1000
TH0 1 1 1
th0(0, x1) 1 1 1
th0(0, x4) 0 0 0
th0(1, x1) 0 0 0
th0(1, x4) 1000 1000 1000

x1

d1 0 0 0
CX1 {(x0, 0)} {(x0, 0)} {(x0, 0)}
cx1(0, x2) {(x0, 0)} {} {}
LB1 1 0 0
lb1(0, x2) 1 0 0
UB1 1 ∞ ∞
ub1(0, x2) 1 ∞ ∞
TH1 1 1 1

x2

d2 0 0 0
CX2 {(x0, 0),

(x1, 0)}
{(x0, 0),
(x1, 0)}

{(x0, 0),
(x1, 0)}

cx2(0, x3) {(x0, 0)} {(x0, 0)} {(x0, 0)}
cx2(1, x3) {(x0, 0)} {(x0, 0)} {(x0, 0)}
LB2 1 1 1
lb2(0, x3) 1 1 1
lb2(1, x3) 11 11 11
UB2 1 1 1
ub2(0, x3) 1 1 1
ub2(1, x3) 11 11 11
TH2 1 1 1

x3

d3 1 1 1
CX3 {(x0, 1),

(x2, 0)}
{(x0, 1),
(x2, 0)}

{(x0, 1),
(x2, 0)}

LB3 200 200 200
UB3 200 200 200

x4

d4 0 0 0
CX4 {(x0, 1)} {(x0, 1)} {(x0, 1)}
LB4 1000 1000 1000
UB4 1000 1000 1000
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COST

Figure A.51: Step 3. x2 receives only the message from
x1, not from x3, which means that the messages from x3

are delayed. Then, x2 sends a COST message to x1 with
CX2 = {(x0, 0), (x1, 0)} and LB2 = UB2 = 1, which are
the same states as in Step 0.

VALUECOST

Figure A.52: Step 4 (1). x2 receives the COST mes-
sage from x3 with CX3 = {(x0, 1), (x2, 0)} and LB3 =
UB3 = 200. Since x2 is not a neighbor of x0, x2 updates
CX2 from {(x0, 0), (x1, 0)} to {(x0, 1), (x1, 0)}. Then, the
bounds of x2 are reinitialized and updated by the bounds
in the message: LB2(0) = UB2(0) = 200, LB2(1) = 0, and
UB2(1) = ∞. x2 also changes its value d2 to 1 because
LB2(0) > TH2 = 1, and sends a VALUE message to x3.

Table A.21: States of agents in Steps 3–4 (1).

Variables Step 3 Step 4 (1)

x0

d0 0 0
LB0 1 1
lb0(0, x1) 1 1
lb0(0, x4) 0 0
lb0(1, x1) 0 0
lb0(1, x4) 1000 1000
UB0 1 1
ub0(0, x1) 1 1
ub0(0, x4) 0 0
ub0(1, x1) ∞ ∞
ub0(1, x4) 1000 1000
TH0 1 1
th0(0, x1) 1 1
th0(0, x4) 0 0
th0(1, x1) 0 0
th0(1, x4) 1000 1000

x1

d1 0 0
CX1 {(x0, 0)} {(x0, 0)}
cx1(0, x2) {} {}
LB1 0 0
lb1(0, x2) 0 0
UB1 ∞ ∞
ub1(0, x2) ∞ ∞
TH1 1 1

x2

d2 0 1
CX2 {(x0, 0),

(x1, 0)}
{(x0,1),
(x1,0)}

cx2(0, x3) {(x0, 0)} {(x0,1)}
cx2(1, x3) {(x0, 0)} {}
LB2 1 0
lb2(0, x3) 1 200
lb2(1, x3) 11 0
UB2 1 200
ub2(0, x3) 1 200
ub2(1, x3) 11 ∞
TH2 1 1

x3

d3 1 1
CX3 {(x0, 1),

(x2, 0)}
{(x0, 1),
(x2, 0)}

LB3 200 200
UB3 200 200

x4

d4 0 0
CX4 {(x0, 1)} {(x0, 1)}
LB4 1000 1000
UB4 1000 1000
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COST

Figure A.53: Step 4 (2). After x3 receives only the VALUE
message from x2 but not the messages from x0, x3 up-
dates the current context and the bounds as CX3 =
{(x0, 1), (x2, 1)} and LB3 = UB3 = 100. Next, x3 sends a
COST message to x2 again.

VALUE

COST

COST

Figure A.54: Step 4 (3). x2 receives it. Then, x2 computes
the bounds as LB2(1) = UB2(1) = 100 and updates the
threshold as TH2 = 100 because of ThresholdInvariant.

Table A.22: States of agents in Steps 4 (2)–4 (3).

Trace Step 4 (2) Step 4 (3)

x0

d0 0 0
LB0 1 1
lb0(0, x1) 1 1
lb0(0, x4) 0 0
lb0(1, x1) 0 0
lb0(1, x4) 1000 1000
UB0 1 1
ub0(0, x1) 1 1
ub0(0, x4) 0 0
ub0(1, x1) ∞ ∞
ub0(1, x4) 1000 1000
TH0 1 1
th0(0, x1) 1 1
th0(0, x4) 0 0
th0(1, x1) 0 0
th0(1, x4) 1000 1000

x1

d1 0 0
CX1 {(x0, 0)} {(x0, 0)}
cx1(0, x2) {} {}
LB1 0 0
lb1(0, x2) 0 0
UB1 ∞ ∞
ub1(0, x2) ∞ ∞
TH1 1 1

x2

d2 1 1
CX2 {(x0, 1),

(x1, 0)}
{(x0, 1),
(x1, 0)}

cx2(0, x3) {(x0, 1)} {(x0, 1)}
cx2(1, x3) {} {(x0,1)}
LB2 0 100
lb2(0, x3) 200 200
lb2(1, x3) 0 100
UB2 200 100
ub2(0, x3) 200 200
ub2(1, x3) ∞ 100
TH2 1 100

x3

d3 1 1
CX3 {(x0,1),

(x2,1)}
{(x0, 1),
(x2, 1)}

LB3 100 100
UB3 100 100

x4

d4 0 0
CX4 {(x0, 1)} {(x0, 1)}
LB4 1000 1000
UB4 1000 1000
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in Step 3COST

2. TERMINATE

1. THRESHOLD

Figure A.55: Step 5. x1 receives the COST message
with CX2 = {(x0, 0), (x1, 0)} and LB2 = UB2 = 1,
sent from x2 in Step 3. Since this context is compat-
ible with CX1 = {(x0, 0)}, x1 updates the bounds as
LB1 = UB1 = 1. At this moment, the termination con-
dition is satisfied because TH1 = UB1 = 1. Thus, x1

sends two messages to x2: a THRESHOLD message with
th1(0, x2) = 1 and CX1 = {(x0, 0)} and a TERMINATE
message with CX1 ∪ {(x1, 0)} = {(x0, 0), (x1, 0)}. Then,
x1 terminates.

2. TERMINATE

1. THRESHOLD

Figure A.56: Step 6. When x2 receives the THRESH-
OLD message from x1, x2 does not update TH2 since con-
text {(x0, 0)} in the message is incompatible with CX2 =
{(x0, 1), (x1, 0)}, and therefore retains its threshold as
TH2 = 100. Next, x2 receives the TERMINATE message
from x1. Although CX2 is changed to {(x0, 0), (x1, 0)}, the
bounds of x2 are not changed since reinitialization is not
performed when an agent receives a TERMINATE mes-
sage. Therefore, x2 terminates with the suboptimal value
d2 = 1 because x2 has already satisfied the termination
condition with UB2 = UB2(1) = TH2 = 100 and received
the TERMINATE message.

Table A.23: States of agents in Steps 5–6.

Variables Step 5 Step 6

x0

d0 0 0
LB0 1 1
lb0(0, x1) 1 1
lb0(0, x4) 0 0
lb0(1, x1) 0 0
lb0(1, x4) 1000 1000
UB0 1 1
ub0(0, x1) 1 1
ub0(0, x4) 0 0
ub0(1, x1) ∞ ∞
ub0(1, x4) 1000 1000
TH0 1 1
th0(0, x1) 1 1
th0(0, x4) 0 0
th0(1, x1) 0 0
th0(1, x4) 1000 1000

x1

d1 0 0
CX1 {(x0, 0)} {(x0, 0)}
cx1(0, x2) {(x0,0)} {(x0, 0)}
LB1 1 1
lb1(0, x2) 1 1
UB1 1 1
ub1(0, x2) 1 1
TH1 1 1

x2

d2 1 1
CX2 {(x0, 1), (x1, 0)} {(x0,0), (x1,0)}
cx2(0, x3) {(x0, 1)} {(x0, 1)}
cx2(1, x3) {(x0, 1)} {(x0, 1)}
LB2 100 100
lb2(0, x3) 200 200
lb2(1, x3) 100 100
UB2 100 100
ub2(0, x3) 200 200
ub2(1, x3) 100 100
TH2 100 100

x3

d3 1 1
CX3 {(x0, 1), (x2, 1)} {(x0, 1), (x2, 1)}
LB3 100 100
UB3 100 100

x4

d4 0 0
CX4 {(x0, 1)} {(x0, 1)}
LB4 1000 1000
UB4 1000 1000
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2. TERMINATE

1. THRESHOLD

VALUE

Figure A.57: Step 6’ (1). The bounds of x2 are reinitialized
when x2 receives the TERMINATE message from x1 in
Step 6. In this case, the bounds of x2 are obtained as
LB2(0) = LB2(1) = 0 and UB2(0) = UB2(1) = ∞; and
the threshold of x2 is obtained as TH2 = 100.

VALUEVALUE

COST

Figure A.58: Step 6’ (2). After x3 receives the VALUE
message with the value d0 = 0 from x0, x3 updates the
current context as CX3 = {(x0, 0), (x2, 1)} and the bounds
as LB3 = UB3 = 11. Then, x3 sends a COST message to
x2.

Table A.24: States of agents in Steps 6’ (1)–6’ (2).

Variables Step 6’ (1) Step 6’ (2)

x0

d0 0 0
LB0 1 1
lb0(0, x1) 1 1
lb0(0, x4) 0 0
lb0(1, x1) 0 0
lb0(1, x4) 1000 1000
UB0 1 1
ub0(0, x1) 1 1
ub0(0, x4) 0 0
ub0(1, x1) ∞ ∞
ub0(1, x4) 1000 1000
TH0 1 1
th0(0, x1) 1 1
th0(0, x4) 0 0
th0(1, x1) 0 0
th0(1, x4) 1000 1000

x1

d1 0 0
CX1 {(x0, 0)} {(x0, 0)}
cx1(0, x2) {(x0, 0)} {(x0, 0)}
LB1 1 1
lb1(0, x2) 1 1
UB1 1 1
ub1(0, x2) 1 1
TH1 1 1

x2

d2 1 1
CX2 {(x0,0),

(x1,0)}
{(x0, 0),
(x1, 0)}

cx2(0, x3) {} {}
cx2(1, x3) {} {}
LB2 0 0
lb2(0, x3) 0 0
lb2(1, x3) 0 0
UB2 ∞ ∞
ub2(0, x3) ∞ ∞
ub2(1, x3) ∞ ∞
TH2 100 100

x3

d3 1 0
CX3 {(x0, 1),

(x2, 1)}
{(x0,0),
(x2,1)}

LB3 100 11
UB3 100 11

x4

d4 0 0
CX4 {(x0, 1)} {(x0, 1)}
LB4 1000 1000
UB4 1000 1000
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COST

Figure A.59: Step 6’ (3). x2 receives the COST
message from x3. At this point, x2 computes the
bounds as LB2(1) = UB2(1) = 11 because context
{(x0, 0), (x2, 1)} in the COST message is compatible with
CX2 = {(x0, 0), (x1, 0)}. Then, x2 updates the threshold
as TH2 = 11 due to ThresholdInvariant. Since UB2 =
UB2(1) = TH2, x2 does not change its variable value d2
from 1. Therefore, x2 satisfies the termination condition
and terminates with the suboptimal value d2 = 1.

Table A.25: States of agents in Step 6’ (3).

Variables Step 6’ (3)

x0

d0 0
LB0 1
lb0(0, x1) 1
lb0(0, x4) 0
lb0(1, x1) 0
lb0(1, x4) 1000
UB0 1
ub0(0, x1) 1
ub0(0, x4) 0
ub0(1, x1) ∞
ub0(1, x4) 1000
TH0 1
th0(0, x1) 1
th0(0, x4) 0
th0(1, x1) 0
th0(1, x4) 1000

x1

d1 0
CX1 {(x0, 0)}
cx1(0, x2) {(x0, 0)}
LB1 1
lb1(0, x2) 1
UB1 1
ub1(0, x2) 1
TH1 1

x2

d2 1
CX2 {(x0, 0),

(x1, 0)}
cx2(0, x3) {}
cx2(1, x3) {(x0,0)}
LB2 0
lb2(0, x3) 0
lb2(1, x3) 11
UB2 11
ub2(0, x3) ∞
ub2(1, x3) 11
TH2 11

x3

d3 0
CX3 {(x0, 0),

(x2, 1)}
LB3 11
UB3 11

x4

d4 0
CX4 {(x0, 1)}
LB4 1000
UB4 1000
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